ABSTRACT. The mixed van der Waerden number w(k 1 , . . . , kr; r) is the least positive integer n such that every rcoloring of [1, n] admits a monochromatic arithmetic progression of length k i , for at least one i. We denote by w 2 (k; r) the case in which k 1 = · · · = k r−1 = 2 and kr = k. For k ≤ r, we give upper and lower bounds for w 2 (k; r), also indicating cases when these bounds are achieved. We determine exact values in the cases where (k, r) ∈ {(p, p), (p, p + 1), (p + 1, p + 1)} and give bounds in the cases where (k, r) ∈ {(p, p+2), (p+2, p+2)}, for primes p. We provide a table of values for the cases k ≤ r with 3 ≤ k ≤ 10 and for several values of r, correcting some known values.
Introduction. The theorem of van der Waerden
in 1927 is one of the foremost and important results in Ramsey theory. For any pair of positive integers k and r, there exists a least positive integer w(k; r) such that any r-coloring of the integers in the interval [1, w(k; r) ] must contain a monochromatic k-term arithmetic progression. Equivalent forms of van der Waerden's theorem may be found in [15] . The original proof gave enormous bounds; the interested reader is referred to [11] . Shelah [17] gave an elementary proof with primitive recursive bounds, and Gowers [10] gave a non-elementary proof of bounds that can actually be written down. As easy application of the Pigeonhole principle shows that w(k; r) = r + 1 for k ∈ {1, 2} and w(k; 1) = k + 1. For any set of r positive integers, k 1 , . . . , k r , van der Waerden's theorem ensures that there is a least positive integer w(k 1 , . . . , k r ; r) such that any r-coloring of the integers in the interval [1, From the definition of the van der Waerden number w(k 1 , . . . , k r ; r), we see that there must be at least one r-coloring of the integers in the interval [1, w(k 1 , . . . , k r ; r) − 1] that contains no k i -term arithmetic progression in color i, for each i. We call such a coloring a valid rcoloring of the integers in the interval [1, w(k 1 , . . . , k r ; r) − 1]. Thus, a valid r-coloring of the integers in the interval [1, n − 1] implies that the van der Waerden is at least n. If each k i equals 2, the Pigeonhole principle implies w(k 1 , . . . , k r ; r) = w(2; r) equals r + 1. Therefore, the first non-trivial mixed van der Waerden number in general is the case where each k i , except one, equals 2. Following the notation introduced in [16], we denote the case k 1 = · · · = k r−1 = 2 and k r = k by w 2 (k; r). Landman, Robertson and Culver [16] considered the case k > r ≥ 2, obtaining lower bounds in all cases and exact values in some. Khodkar and Landman [12] made some in roads into the case k ≤ r, viz., w 2 (k; r) ≤ r(k − 1) when k < r < 3(k − 1)/2. They also provided a computer-generated table of values of w 2 (k, r) for 3 ≤ k ≤ 5 and k < r ≤ 13.
The purpose of this work is to determine w 2 (k; r) in the case k ≤ r. In Section 2, in Theorems 2.1 and 2.3, we give upper and lower bounds for w 2 (k; r), also indicating cases when these bounds are achieved. From the results in Section 2, in Theorem 2.9 and in Corollary 2.6 (i), (ii) we determine exact values in the cases where (k, r) ∈ {(p, p), (p, p + 1), (p + 1, p + 1)}, and in Theorems 4.2 and in Corollary 2.6 (iii) we give bounds for w 2 (k; r), in the case of prime p. The general upper bound we obtain improves those obtained in [12] for the case k < r < 3(k − 1)/2. The upper and lower bounds for the difference w 2 (k; r + 1) − w 2 (k; r) given in Theorem 2.8 can be used to provide general bounds in terms of w 2 (k; k). In Section 3, we provide a table of values for the cases k ≤ r with 3 ≤ k ≤ 10 and for several values of r, correcting some values provided in [12, page 8, Table 1 ]. We also include some conjectures based upon limited computer-generated values for w 2 (k; r). A summary of our results is given in Table 1 . 
2. Results for w 2 (k; r) when k ≤ r. Throughout this section, we use the notation w 2 (k; r) to denote the mixed van der Waerden number w(2, . . . , 2, k; r). By a valid coloring of [1, w 2 (k; r) − 1], we mean an rcoloring of the integers in [1, w 2 (k; r) − 1] that (i) contains at most one integer in each of r − 1 singleton color classes, and (ii) does not contain a k-term arithmetic progression in the remaining color class.
where p is the largest prime not exceeding k. Moreover, the lower bound in the second case is attained when k = p and r ∈ {p, p + 1}, where p is prime.
Proof. We divide the proof into two cases.
Case I (k = r, k composite). In order to prove the lower bound, we must provide a valid k-coloring of [1, (k − 1)p + 2]. We color the integers in
with distinct colors and observe that |A| = k − 1.
It remains to show that the set
However, each is impossible since neither 1 nor p + 2 belong to B.
Hence, d < p, and thus, the integers p + 2, 2p + 2, . . . , dp + 2 form a complete residue system modulo d. Thus, exactly one of these integers must be congruent to a modulo d.
Hence, a + jd ∈ A ∩ B, which is impossible.
Therefore, no arithmetic progression of length k can lie entirely in B.
Case II (k < r or k = r, k prime). In order to prove the lower bound, we must provide a valid r-coloring of [1, N ] , where
with distinct colors and observe that 
The lower bound in the second case is attained for k = p and r ∈ {p, p + 1} for prime p, by Theorem 2.3. 
Moreover, equality holds in the first case if and only if k = r, k prime, and in the second case if and only if k = p and r = p + 1, for prime p.
Case I (k = r). We first show that in any valid k-coloring of [1, 
Let the k − 1 integers in the singleton color classes be a 1 , . . . , a k−1 , written in increasing order. None of these intervals can contain successive terms a i , a i+1 since then some interval will contain all k integers from one color class, and this is not possible in any valid coloring. Hence, each interval contains exactly one term of the sequence
Moreover, a i+1 − a i ≤ k, since otherwise there would be at least k consecutive integers from one color class. Suppose a i+1 − a i = d < k for at least one i. Then, both a i and a i+1 belong to the interval
If we partition this interval into d classes of residues modulo d, then a i and a i+1 belong to the same class. Since this interval contains exactly the d integers among the a i s and each class of residues has k elements, there must be one class that contains no a i . This class is therefore monochromatic, contradicting the valid coloring of the interval [1,
Therefore, we may assume that the k-coloring is a valid coloring of [1, k(k − 1)]. Hence, the integers in the singleton color classes are
contain either a monochromatic k-term arithmetic progression, or a monochromatic 2-term arithmetic progression. This proves the upper bound in Case I.
In order to prove the necessary and sufficient condition for equality, observe that equality holds when k = r is a prime by Theorem 2.1. If k = r is not prime, let q denote the smallest prime divisor of k. In any valid k-coloring of [1, k(k − 1)], any two integers that are in singleton color classes must be congruent modulo k;
]. This proves the necessary and sufficient condition for equality.
Case II (k < r). Suppose that there is a valid r-coloring of [1,
Let the r − 1 integers in the singleton color classes be a 1 , . . . , a r−1 , written in increasing order.
Each of these intervals must contain at least one a i since, otherwise, some interval will contain all k integers from one color class, and this is impossible in any valid coloring. Two cases arise:
Suppose that a r−1 ∈ {k(r − 2) + 1, k(r − 2) + 2}. Then, each of the r − 2 intervals [(i − 1)k + 1, ik], 1 ≤ i ≤ r − 2, contains exactly one of the terms a 1 , . . . , a r−2 . Arguing as in Case I, we obtain that
form a k-term arithmetic progression from one color class. If k = r − 1, the only possibility for a valid coloring is when j = 2 and a r−1 = k(r − 2) + 1. In this case, the k-term arithmetic progression with common difference k − 1 and last term k(r − 2) + 2 are from the same color class, leading to a contradiction to the valid coloring.
contains exactly one of the numbers a 1 , . . . , a r−1 , except the interval
Observe that b r−1 = 1 or 2 leads to at least k consecutive integers a r−1 + 1, . . . , k(r − 2) + 2. If none of the b i s is 1, we have an arithmetic progression with common difference k and initial term 1; the same argument applies to the case when none of the b i s is 2. Hence, there exists an integer t ≤ j − 1 such that b t = 2 and b t+1 = 1.
First, suppose that k is prime. If a 1 = 2 and a 2 = 1, then there exists a monochromatic p-term arithmetic progression with common
is even, a t+2 − a t−1 cannot exceed 2k (for otherwise, there are at least k integers of the same parity between a t−1 and a t+2 of the same color). Hence, Now, suppose k is composite. Assume, without loss of generality, j > ⌊(r − 2)/2⌋. We claim that a m+1 − a m ̸ = a n+1 − a n for 1 ≤ n < m < j. Suppose otherwise; let a m+1 − a m = a n+1 − a n = d. If d < k, there must exist an interval of length dk containing a k-term arithmetic progression with common difference d since the interval either contains a n , a n+1 , a m , a m+1 , a j , a j+1 or a n , a n+1 and not a j , a j+1 . If d = k is composite, the above argument applies to any factor of d. This proves the claim. Hence,
For k ≤ 8, the result follows from Table 3 and Theorem 2.8. This proves the upper bound in Case II. Moreover, we have w 2 (k; r) ≤ k(r − 2) when k is composite.
The necessary and sufficient condition for equality directly follows from the upper bound w 2 (k; r) ≤ k(r − 2) for composite k and Theorem 4.2. Suppose a 1 , a 2 , . . . , a k−1 
Remark 2.4.
(ii) For any odd prime p,
(iii) For any odd prime p such that p + 2 is composite,
Proof. This is a direct consequence of Theorems 2.1 and 2.3.
Remark 2.7. Corollary 2.6 (i), (ii) show that the lower bound in the second case of Theorem 2.1 is sharp. Proof. When p = 2, Corollary 2.6 (i) applies with p = 3 to give w 2 (3; 3) = 7 = 2 2 +3. When p is odd, the lower bound w 2 (p+1; p+1) ≥ p 2 + 3 is a special case of Theorem 2.1.
In order to prove the upper bound, assume by way of contradiction that there is a valid (p + 1)-coloring of [ Such an i exists since a 1 = p + 1, and there exists a n ≡ 2 mod p with a n < jp. If a i > (j + 1)p and a i+1 − a i = p + 1, then there must exist a monochromatic (p + 1)-term arithmetic progression with common difference 2 within the interval [a n − 2p − 2, a n ], where a n ≡ 3 mod p and a n−1 ≡ 2 mod p. If a i+1 − a i = 1 and a i / ∈ I j−1 ∪ I j+1 , then I t ∩ S = ∅ for some t ̸ = j, which is a contradiction. If a i ∈ I j−1 , then I j−1 must contain at least three elements of S, leading to the contradiction that some interval I t has empty intersection with S. If 
Proof. For p ∈ {3, 5}, Table 1 gives w 2 (3; 5) = 10 and w 2 (5; 7) = 23. We assume p > 5 for the rest of this proof. The lower bound follows directly from Theorem 2.1.
In order to prove the upper bound, assume by way of contradiction that there is a valid (p+2)-coloring of [1, p(p−1)+5] . Let the integers in the singleton color class be S = {a 1 , . . . , a p+1 }, arranged in increasing order. We clearly must have a i+1 − a i ≤ p for i ∈ {1, . . . , p} and a p+1 ≥ p(p − 1) + 5 − (p − 1) = p(p − 2) + 6. Moreover, corresponding to each j ∈ {1, . . . , 5}, there must correspond at least one member of S congruent to j modulo p. Let s i ≡ i mod p for i ∈ {1, . . . , 5} and 
. Thus, the elements of S congruent to 1, . . . , 5 modulo p must be one of a 1 , . . . , a i+2 . Hence, at least three among the elements of S congruent to 1, . . . , 5 must be in the interval [1, ip] . Since each of the intervals [1, p] 
contains exactly one element of S, it follows that two consecutive such intervals contain two elements of S that differ by p − 1. However, this leads to a contradiction to the assumption of a valid coloring since these two elements of S have the same parity, leading to a p-term arithmetic progression with common difference 2 and of the same color contained within these two consecutive intervals. Hence, the claim follows. We observe that at most two pairs of consecutive elements of S may differ by p − 1. Having three such pairs would lead to a contradiction since the p + 1 elements of S must be placed in the p − 1 residue classes modulo p−1 and the pairs belong to the same residue class modulo p−1.
Our next claim is that at most two pairs among s 1 , . . . , s 5 may differ by p−2. Suppose, by way of contradiction, that there are three or more such pairs. The least among these pairs must be less than p, and the largest must be greater than p(p − 2), for otherwise, considering one of two intervals [1, 
] would give a monochromatic p-term arithmetic progression with the common difference p − 2 by the previous argument. We next observe that a p+1 ≤ p(p − 1), since at least one of the intervals [1, 
] must contain two pairs that differ by p − 2 and must contain at most p − 1 elements of S. Now, following an argument similar to that in the previous paragraph, we arrive at a contradiction. Hence, When S 1 is one of {5, 4}, {5, 3, 2}, {5, 2}, {4, 3}, {4, 2, 1}, {2, 1}, the interval of length 2p ending either at a s +4 or at a s +5 contains exactly two members of S, and these are of the same parity, thus giving a monochromatic p-term arithmetic progression with common difference 2. When S 1 is one of {5, 3}, {5, 1}, {3, 2}, {3}, the interval of length 2p ending either at a t +4 or at a t +5 contains exactly two members of S, and these are of the same parity, thus giving a monochromatic p-term arithmetic progression with common difference 2. This completes the proof. [12] , who provided the upper bound w 2 (k; r) ≤ r(k − 1) when k < r < 3(k − 1)/2, and provided a computer-generated table of values of w 2 (k, r) for 3 ≤ k ≤ 5 and k < r ≤ 13. The purpose of our work was to take this forward to some extent, as indicated in Section 1. The computer-assisted tables of values of w 2 (k, r) have not only extended (and, on some occasions, corrected previously computed values), but have also served as the motivation for all of our results and conjectures. We conclude this paper with a few conjectures based on our computer-generated tables. Conjecture 4.3 is analogous to Theorem 2.8, and, if true, would provide upper and lower bounds for w 2 (k; r). 
